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Lecture outline

Linear Hamiltonian in accelerators is integrable, and the motion is
regular. What is the effect of nonlinear terms in the Hamiltonian?
They lead to many nonlinear resonances in the motion and may
result in stochastic motion of the particles. We will consider a
simple model, a so called standard map, which illustrates
qualitative features of what can occur in a system with many
resonances.
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Standard map and resonance overlapping

We start from the following Hamiltonian

H(I , θ, t) =
1

2
I 2 + K δ̃(t) cos θ , (10.1)

where K is a parameter, δ̃(t) =
∑∞

n=−∞ δ(t + n) is the periodic δ
function that describes unit kicks repeating with the unit period. Here I
is the action variable, and θ as the angle. Compare with (9.20). Both I
and θ are dimensionless. The equations of motion are

İ = −
∂H

∂θ
= K δ̃(t) sin θ , θ̇ =

∂H

∂I
= I . (10.2)

[need a plot] If In and θn are the values at t = n − 0 (before the
delta-function kick), then integrating the first of Eqs. (10.2) from
t = n − 0 to t = n + 0 (through the delta-function kick) gives
In+1 = In + K sin θn, which is conserved over the interval from t = n + 0
to t = (n + 1) − 0 (where there are no kicks). Integrating the second
equation in (10.2) from t = n + 0 to t = (n + 1) − 0 and remembering
that the action here is already equal to In+1 gives θn+1 = θn + In+1.
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Standard map and resonance overlapping

Hence we arrive at the following transformation action-angle
variables which links their values at time t = n to the values at
time t = n + 1:

In+1 = In + K sin θn

θn+1 = θn + In+1 . (10.3)

This transformation is called the standard map or Chirikov map1.

1One can also find in the literature a definition of the standard map which
differs from Eqs. (10.3) by numerical factors.
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Standard map and resonance overlapping

The periodic delta-function in (10.1) can be expanded into the
Fourier series

δ̃(t) = 1 + 2
∞∑
n=1

cos (2πnt) . (10.4)

Substituting this representation into the Hamiltonian Eq. (10.1) we
can rewrite the latter in the following form

H =
1

2
I 2 + K

∞∑
n=−∞ cos(θ− 2πnt) , (10.5)

(we used 2 cos(θ) cos(2πnt) = cos(θ− 2πnt) + cos(θ+ 2πnt))).
From this Hamiltonian we see that the system is a pendulum (the
term n = 0 in the sum) driven by periodic perturbations with
frequencies equal to 2πn (terms with n 6= 0).
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Standard map and resonance overlapping

Selecting only one term in this sum would give us

H =
1

2
I 2 + K cos(θ− 2πnt) . (10.6)

We can make a canonical transformation I , θ→ J, φ with

J = I − 2πn , φ = θ− 2πnt . (10.7)

The new Hamiltonian for these variables is

H ′ = 1

2
J2 + K cosφ+ const . (10.8)

One can see that Eq. (10.8) is the pendulum Hamiltonian with the
phase space shown on the next slide. The width of the separatrix is
equal J = ±2

√
K . In variable I , this phase space is shifted by 2πn

units upward.
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Standard map and resonance overlapping

Trying to understand what is the overall structure of the phase
space of the original Hamiltonian, we can naively superimpose
phase portraits for Hamiltonians (10.8) with various values of n.
The width of each resonance is equal to 4

√
K .

Of course, superimposing phase
spaces is not a legitimate way of
analysis (which is especially clear
in the case when the separatrices
of neighboring resonances overlap,
see below).
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Standard map and resonance overlapping

As long as the distance between the islands is much larger than the
width of the separatrix, to a good approximation, resonances with
different values of n can be considered separately. When the value
of K increases the resonances begin to overlap and the dynamics
becomes complicated.

Formally, overlapping occurs for K > π2/4. Simulations show,
when K increases, there is a gradual transition from a regular
motion to a fully stochastic regime. Qualitatively, the transition
occurs at

K ∼ 1 . (10.9)

This is often called the Chirikov criterion of overlapping resonances.
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Standard map and resonance overlapping

Figure: Computer simulations for the standard map for four different
values of the parameter K , K = 0.1, 0.25, 1, 3 from left to right and from
top to bottom.
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Standard map and resonance overlapping

What happens in the regime of developed stochasticity, when
K � 1?
After each kick the particle loses its memory about the previous
phase, and the consecutive kicks can be considered as
uncorrelated. The motion along the action axis I becomes random.
We have from Eq. (10.3) the change of the action ∆In = K sin θn.
In the limit of large K the phase values become random and
uncorrelated with each other. Taking square of ∆In and averaging
over the random phase θn gives

〈∆I 2〉 = 1

2
K 2 . (10.10)

If we plot the dependence I 2 versus the number of iterations N, we
expect from Eq. (10.10)

I 2 ≈ 1

2
K 2N . (10.11)
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Standard map and resonance overlapping

A more detailed theory shows that Eq. (10.11) gives only the
leading term for the diffusion process—there are notable
corrections in this equation if K is not very large. In Figure below
we confirm Eq. (10.11) by direct numerical simulation for
K = 8.41 [Higher order corrections vanish for the value K = 8.41].
The straight line is the theoretical expectation given by
Eq. (10.11).
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Dynamic aperture in accelerators

A modern circular accelerators nonlinear components of the
magnetic field of those magnets, as well as errors in manufacturing
and installation of the magnets lead to many resonances in the
machine. In a typical situation, the nonlinear fields make the phase
space at some distance from the reference orbit more prone to
stochastic motion, and result in the situation when only particles in
a region near the reference orbit are properly confined. This region
is called the dynamic aperture of the machine. It is computed with
the help of accelerator codes by launching particles at various
locations away from the reference orbit and tracking their motion.
An example of calculation of the dynamic aperture for the light
source SPEAR3 at SLAC is shown in Figure below.
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Dynamic aperture in accelerators

Figure: Dynamic aperture for the SPEAR3 light source at SLAC.
Different curves correspond to 6 seeds of machine errors. The solid lines
are for the nominal energy beam and the dashed ones are for the 3%
energy deviation.
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