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1 Poisson Brackets of Uncoupled Oscillators

Consider the Hamiltonian for two uncoupled oscillators:

H =
1

2m

(
p2x +m2ω2x2

)
+

1

2m

(
p2y +m2ω2y2

)
1a) Show that the Hamiltonian components Hx and Hy are constants of motion,
where Hx and Hy are given by:

Hx =
1

2m

(
p2x +m2ω2x2

)
Hy =

1

2m

(
p2y +m2ω2y2

)
(The amplitude of oscillation for x and y is given by

√
Hx and

√
Hy respec-

tively.)

1b) Show that the angular momentum L is a constant of motion, where L is
given by:

L = xpy − ypx

1c) Find another constant of motion Axy, by forming the Poisson brackets
between Hx, Hy, or L. Where Axy is given by:

Axy =
1

2m

(
pxpy +m2ω2xy

)
=
√
HxHy cos

(
φ
(y)
0 − φ

(x)
0

)
(This expression Axy is proportional to the dot product of oscillator x and os-
cillator y.)

1d) We have five constants of motion - H, Hx, Hy, L, and Axy - but for a two
degree of freedom system there can be at most three independent constants of
motion. So there must be two expressions which relate these constants of mo-
tion. For example, because H = Hx +Hy, we can write one of these invariants
in terms of the other two.

Find an expression which relates Hx, Hy, L, and/or Axy.
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2 Fixed Points of a 2nd Harmonic RF System

Consider the equations of motion for an RF focusing system with a 2nd Har-
monic RF.

φ̇ = α0δ

δ̇ = β0[sin(φ)− λ sin(2φ)]

α0β0 = −ω2
s

Find the fixed points of the system and classify them as stable or unstable. At
what value of λ does the number of fixed points change (“bifurcation point”) ?
Make a diagram showing the value of φ for each fixed point as a function of λ,
and indicate where each fixed point is stable or unstable (“bifurcation diagram”)

3 Action Angle Coordinates

The Hamiltonian for a 1D potential:

H =
1

2
p2 + U(q)

3a) Consider a 1D square-well potential:

U(q) =

{
0, |q| < L
∞, |q| > L

Find the action J and angle θ in terms of the coordinates p and q. Find the
angular frequency ω as a function of J . Sketch the phase-space in p and q.

4 Accelerator Hamiltonian for a Solenoid

4a) An accelerator solenoid is given by ~B = B‖ŝ (with no dipole bending).

What vector potential ~A gives rise to this solenoidal field? Is there a gauge
transformation such that ~A is rotationally symmetric about ŝ?

4b) Write down the linearized accelerator Hamiltonian in this case (i.e. quadratic
dependence on phase-space coordinates x, πx/p, y, πy/p with s as the time co-
ordinate). You may assume that the electric scalar potential is zero (φ = 0),
there is no dipole bending (ρ−1 = 0), there are no transverse magnetic fields
(As = 0), and there is no deviation from reference momentum (δ = 0).
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